A set S of unit vectors in n-dimensional Euclidean space is called spherical two-distance set, if there are two numbers a and b so that the inner products of distinct vectors of S are either a or b. It is known that the largest cardinality g(n) of spherical two-distance sets does not exceed n(n + 3)/2. This upper bound is known to be tight for n = 2, 6, 22. The set of mid-points of the edges of a regular simplex gives the lower bound L(n) = n(n + 1)/2 for g(n).
Introduction
A set S in Euclidean space R n is called a two-distance set, if there are two distances c and d, and the distances between pairs of points of S are either c or d. If a two-distance set S lies in the unit sphere S n−1 , then S is called spherical two-distance set. In other words, S is a set of unit vectors, there are two real numbers a and b, −1 ≤ a, b < 1, and inner products of distinct vectors of S are either a or b.
The ratios of distances of two-distance sets are quite restrictive. Namely, Larman, Rogers, and Seidel [8] have proved the following fact: if the cardinality of a two-distance set S in R n , with distances c and d, c < d, is greater than 2n + 3, then the ratio c 2 /d 2 equals (k − 1)/k for an integer k with
Einhorn and Schoenberg [6] proved that there are finitely many two-distance sets S in R n with cardinality |S| ≥ n + 2. Delsarte, Goethals, and Seidel [5] proved that the largest cardinality of spherical two-distance sets in R n (we denote it by g(n)) is bounded by n(n + 3)/2, i.e.,
Moreover, they give examples of spherical two-distance sets with n(n + 3)/2 points for n = 2, 6, 22. (Therefore, in these dimensions we have equality g(n) = n(n + 3)/2.) Blockhuis [2] showed that the cardinality of (Euclidean) twodistance sets in R n does not exceed (n + 1)(n + 2)/2. The standard unit vectors e 1 , . . . , e n+1 form an orthogonal basis of R n+1 . Denote by ∆ n the regular simplex with vertices 2e 1 , . . . , 2e n+1 . Let Λ n be the set of points e i +e j , 1 ≤ i < j ≤ n+1. Since Λ n lies in the hyperplane x k = 2, we see that Λ n represents a spherical two-distance set in R n . On the other hand, Λ n is the set of mid-points of the edges of ∆ n . Thus,
For n < 7 the largest cardinality of Euclidean two-distance sets is g(n), where g(2) = 5, g(3) = 6, g(4) = 10, g(5) = 16, and g(6) = 27 (see [10] ). However, for n = 7, 8 Lisoněk [10] discovered non-spherical maximal two-distance sets of the cardinality 29 and 45 respectively.
In this paper we prove that for spherical two-distance sets with a + b ≥ 0 (Section 2), and on the Delsarte bounds for spherical two-distance sets in the case a + b < 0.
Linearly independent polynomials
The upper bound n(n + 3)/2 for spherical two-distance sets [5] , the bound n+2 2
for Euclidean two-distance sets [2] , as well as the bound n+s s for s−distance sets [1, 3] were obtained by the polynomial method. The main idea of this method is the following: to associate sets to polynomials and show that these polynomials are linearly independent as members of the corresponding vector space. Now we apply this idea to improve upper bounds for spherical two-distance sets with a + b ≥ 0. 
Proof. Let
For a unit vector y ∈ R n we define the function F y : S n−1 → R by
the quadratic polynomials f i , i = 1, . . . , m, are linearly independent. Let e 1 , . . . , e n be a basis of R n . Let L i (x) := x, e i , x ∈ S n−1 . Then the linear polynomials L 1 , . . . , L n are also linearly independent. Now we show that if a
. . , L n form a linearly independent system of polynomials. Assume the converse. Then
where there are nonzero d k and c i .
Let
For x = x i in (2), using (1), we get
Take x = v and x = −v in (2). Then we have
Subtracting (3) from (4), we obtain
This yields v = 0, a contradiction.
Note that the dimension of the vector space of quadratic polynomials on the sphere S n−1 is n(n + 3)/2. Therefore,
Thus, |S| = m ≤ n(n + 1)/2.
Denote by ρ(n) the largest possible cardinality of spherical two-distance sets in R n with a + b ≥ 0.
Proof. Theorem 1 implies that ρ(n) ≤ n(n + 1)/2. On the other hand, the set of mid-points of the edges of a regular simplex has n(n + 1)/2 points and a + b ≥ 0 for n ≥ 7. Indeed, for this spherical two-distance set we have
Thus,
3 Delsarte's method for two-distance sets
Delsarte's method is widely used in coding theory and discrete geometry for finding bounds for error-correcting codes, spherical codes, and sphere packings (see [4, 5, 7] ). In this method upper bounds for spherical codes are given by the following theorem: 
There are many ways to define Gegenbauer (or ultraspherical) polynomials G 
For instance,
4 (t) = (n + 2)(n + 4)t 4 − 6(n + 2)t 2 + 3 n 2 − 1 .
Now for given n, a, b we introduce polynomials P i (t), i = 1, . . . , 5.
3 G = 0.
, where c and d are defined by the equations f
, where c and d are defined by the equations f 
where
.
Note that we have P i (a) = P i (b) = 0. Then Theorem 3 yields Theorem 4. Let S be a spherical two-distance set in R n with inner products a and b. If k is defined by the equation:
Therefore, if |S| > 2n + 3, then k is an integer number and k ∈ {2, . . . , K(n)} [8] . Here,
i,k (a) Then Theorem 4 yields the following bound for |S|: Theorem 5. Let S be a spherical two-distance set in R n with inner products a and (a) : a ∈ I 3 = [−1/3, 1/5)} ≈ 284.14 (see Fig. 1 ).
Maximal spherical two-distance sets
In this section we use Theorem 5 to bound the cardinality of a spherical twodistance set with a + b < 0.
Let S, |S| > 2n+3, be a spherical two-distance set in R n with inner products a and b k (a). Then k ∈ {2, . . . , K(n)}, and −1 ≤ b k (a) < a < 1.
LetK(n) := max{K(n), 2}. For given n and k = 2, . . . ,K(n), we denote by Ω(n, k) the set of all spherical two-distance sets S in R n with a + b k (a) < 0. Denote by ω(n, k) the largest cardinality of S ∈ Ω(n, k).
Let ϕ(n, k) := sup
Let us denote by ω(n) the maximum of numbers ω(n, 2), . . . , ω(n,K(n)), and by ω(n) we denote the largest cardinality of a two-distance set S in S n−1 with a + b < 0. Then g(n) = max{ω(n), ρ(n)}.
Since Theorem 5 implies ω(n, k) ≤ ω(n, k), we have
Finally, for g(n) we have the following bounds: ρ(n) ≤ g(n) ≤ max{ ω(n), ρ(n)}. Recall that ρ(n) = n(n + 1)/2 for n ≥ 7. For ω(n), 7 ≤ n ≤ 40, we obtain the computational results gathered in Table 1 .
Since ω(n) ≤ ρ(n) for 6 < n < 40, n = 22, 23, for these cases we have g(n) = ρ(n). For n = 23 we obtain g(23) ≤ 277. But g(23) ≥ ρ(23) = 276. This proves the following theorem:
Theorem 7. If 6 < n < 22 or 23 < n < 40, then
For n = 23 we have g(23) = 276 or 277. Table 1 . ω(n) and ρ(n). The last column gives the k with ω(n) = ω(n, k). Remark 4. It is known that for n = 3, 7, 23 maximal spherical two-distance sets are not unique, and for n = 2, 6, 22, when g(n) = n(n + 3)/2, these sets are unique up to isometry. Lisoněk [10] confirmed the maximality and uniqueness of previously known sets for n = 4, 5, 6. For all other n the problem of uniqueness of maximal two-distance sets is open. We think that for 7 < n < 46, n = 22, 23 maximal spherical two-distance sets in R n are unique and congruent to Λ n .
